The eigenoscillations of a cable, supported at its end points, in a homogeneous gravitational field is investigated under the assumption that the bending stiffness is negligible but the behavior with respect to tension stresses is perfectly elastic. The problem involves two coupled second order equations and one independent second order equation; it is shown to be definitely self-adjoint and an iterative method for its solution is suggested.
Summary.
The eigenoscillations of a cable, supported at its end points, in a homogeneous gravitational field is investigated under the assumption that the bending stiffness is negligible but the behavior with respect to tension stresses is perfectly elastic. The problem involves two coupled second order equations and one independent second order equation; it is shown to be definitely self-adjoint and an iterative method for its solution is suggested.
In the particular case of a shallow cable, that is with negligible sag, the asymptotic eigenvalues are obtained. It turns out that the gravitational field has such a "stiffening" effect that the eigenvalues related to some oscillation modes may be substantially greater (the lowest of them eightfold) than those given in the classical theory on vibrating strings.
Notations.
A = cross sectional area L = total length s = arc length parameter p = mass density fi = pA = mass per unit length E = Young's modulus; x, y, z rectilinear coordinates of a typical cable point; the gravity acting in the direction of negative //-axis, the end points of the cable having coordinates (± H, 0, 0); u, v, w displacement components from equilibrium position; F = tension force acting on the cable; / = increment of the force due to the motion; a = length constant determined by Equation (3); e = ang/EA = apg/E equilibrium strain at the lowest point; a = L/2a = characteristic parameter; co = circular frequency of eigenoscillations; A* = co2a/g \ eigenvalue parameters; X = K2 = wl? I -\ag J p = s/a, q = 2s/L dimensionless variables;
A, B, M, N, S, T matrices. 
If time derivatives are taken to be identically zero, then Eqs. (1) and (2) give rise to the stationary equilibrium solution. Using boundary conditions and choosing the origin of s at the lowest point one obtains x0 = a log [s/a + (1 + s2/a2)1/2} + es,
The integration constants a and K in these expressions are determined by the conditions
(1 + L2/4a2)1/2 + Jjpg/ZaE + K/a = 0.
After introducing the small oscillation displacements by
and substituting these expressions in (1) and (2) the linearization is performed:
hen / is eliminated, the dimensionless variable p = s/a introduced, and the variables separated by m(s, t) = u(s) ■ e'"', etc., then the following system of ordinary differential equations is obtained: Two first equations apparently determine the modes and frequencies of the eigenoscillations in the xt/-plane, whereas the third equation applies to the perpendicular oscillations, completely independent of the first ones. In the following the main attention will be given to the first oscillations.
The self-adjointness of the problem. Since the eigenvalue problem, consisting of the two second order differential equations (4) and boundary conditions
may be regarded as arising from a regular variational problem, it is self-adjoint. The exact definition of a definitely self-adjoint problem, due to Bliss [1, 2] , requires that if the problem is written in the form -j-u = Au + XBu, dp
where u is an n-vector, A and B are (n X n) matrices and M and N constant (n X ft) matrices with (M, N) being of rank n, then there exists a non-singular matrix T such that the following conditions are fulfilled:
/ T + TA + A'T = 0, dp
TB + B'T = 0, The definitely self-adjoint character of the problem thus being proved, a number of properties associated with such problems may be applied for the present problem: for example, the existence of a countably infinite number of eigensolutions, the expansion theorem, etc. The orthogonality of two independent eigensolutions (ut , v,), (u2 , v2) now takes the form / + a (u^ + ViV2) dp = -a 0.
Furthermore, an iterative method for the determination of the eigensolutions is applicable and proved to be convergent [3] . The sequence of consecutive iterates is obtained directly from (4):
'i+i = / {(-(TfTr "e) /Ui dp + u+^p /dv}dp' v*« = / {(1 +vr* fUidp + {'or^pT1 ~ e) IVi dp\ dv] the integration constants must be chosen to make the functions satisfy the boundary conditions.
Finally, it may be seen directly from the form of the Eq. (5) that the problem for the determination of the lateral oscillations is definitely self-adjoint also and hence subject to similar properties and procedures as those mentioned above.
Case of a shallow cable. The general solution of the problem above depends essentially on two dimensionless parameters only, the relative cable length a = L/2a and the minimum strain e. The latter is always smaller than the ratio between the yield stress and Young's modulus and hence small compared with 1. In the case of a shallow cable the first parameter also is small compared with 1, since a is approximately equal to the smallest radius of curvature. For a closer study of this particular case we replace the variable p by the new variable Then, considering first the solutions of group I, that is, those for which u is odd and v is even, one immediately finds that C2 = 0. Assume that X remains bounded for a and € tending to zero and, since both integral terms of Eq. (11) have e as a factor, neglect these terms besides two first terms:
u' -(-aqv' -(-tC\ -0. Hence in group I the solutions, the eigenvalues as well as the modes of eigenfunctions, depend on the ratio e/a2, whereas in group II the solutions are independent of this ratio. The dependence is illustrated in Fig 1, where the solid curves give some lowest eigenvalues from the group I, the broken lines eigenvalues from group II. In particular, for a /e = wV2 there exist double eigenvalues nV2. Finally, it may be indicated what the physical significance of the ratio e/a is. Expressing e as the ratio o~/E, where a is the equilibrium stress at the lowest point, and a by a = L/2a = Lpg/2eE -Lpg/2<r, depends on the material in question and its equilibrium stress. For most materials this length, when computed for stresses reasonably close to their tensile proportionality limit, amounts to several hundreds of feet. For instance, for copper, <r = 30,000 psi, L0 = 330 feet, and for steel, <j = 40,000 psi, L0 = 430 feet. Therefore, the eigenfrequencies of a tightly stressed cable or wire do essentially differ from those corresponding to the well-known eigenvalues A = (nir/2)2 only at spans of length comparable with this measure.
